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a b s t r a c t
Abstract polytopes are combinatorial structures that generalize
the classical notion of convex polytopes. In this paper particular
attention is given to polytopes whose automorphism groups (or
groups of symmetries) have exactly two orbits on the set of flags.
Two-orbit polytopes of rank n are classified in terms of their
local configuration of flags. Furthermore, a characterization of two-
orbit polyhedra in terms of their automorphism group is given;
that is, necessary and sufficient conditions for a group to be the
automorphism group of a two-orbit polyhedron are found.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
The study of regular maps was initiated by Brahana [1] and developed by Coxeter [2]. For them, a
regularmap is a 2-cell embedding of a connected graph (ormultigraph) on a surface,with the property
that the group of symmetries can be generated by two particular automorphisms: one that cyclically
permutes the edges (and vertices) bounding a given face, and another that cyclically permutes the
edges (and faces) incident with a given vertex of that face. Such a map is called reflexible if it also
possesses a reflection that interchanges two adjacent vertices without interchanging the two faces
that contain the edge joining them. In that case, the automorphism group is transitive on the incident
vertex–edge–face triples (or flags) of the map. On the other hand, if no such automorphism exists,
then the flags fall into two orbits under the group action, with adjacent flags belonging to different
orbits, and the map is called irreflexible.
In the classical theory, the facets and vertex-figures of higher dimensional polytopes are spherical.
In 1978, Grünbaum [6] proposed the study of a more general class of polytopes, in which facets and
vertex-figures might not be spherical. Danzer and Schulte [3,12,13] extended this further and set out
the basic theory of combinatorial objects which are now known as abstract polytopes. In the context
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of abstract polytopes, a reflexible map is still regular, but an irreflexible map is now called chiral. An
(abstract) polytope is said to be regular when its automorphism group acts transitively on the set of
its flags. These are polytopes with a maximal degree of symmetry. A comprehensive development of
the theory of abstract regular polytopes was given by McMullen and Schulte in [10]. Chiral polytopes
have maximal rotational symmetry, but no reflection symmetry. Consequently, their automorphism
groups have two orbits on the flags, and adjacent flags belong to different orbits. The core theory of
abstract chiral polytopes was developed by Schulte and Weiss [15].
In this paper we study two-orbit polytopes, that is, polytopes whose automorphism group has two
orbits on the set of flags. Section 2 provides some basic definitions on abstract polytopes, together
with important results of regular and chiral polytopes. In Section 3 we investigate the automorphism
groups of two-orbit polytopes and show that some of them are fully transitive polytopes (that is, the
automorphism group is transitive on the faces of each rank). Furthermore, we give a classification of
these polytopes, depending on the local configuration of their flags. Section 4 is devoted to finding
the generators of the automorphism group of a two-orbit polyhedron, together with the intersection
conditions for each class. In Section 5 we give a construction of two-orbit polyhedra, starting from a
certain group.
2. Regular and chiral polytopes
In this section we review the basic theory of abstract polytopes, together with some definitions
and basic results for regular and chiral polytopes.
An (abstract) polytope of rank n or an n-polytope is a partially ordered setP endowedwith a strictly
monotone rank function having range {−1, . . . , n}. For 0 ≤ j < n, the elements of P of rank j are
called j-faces. The faces of rank 0, 1 and n − 1 are usually called the vertices, edges and facets of the
polytope, respectively. We require that P has a smallest face F−1, and a greatest face Fn (called the
improper faces ofP ), and that eachmaximal chain (called a flag) ofP contains exactly n+2 faces. We
denote by F (P ) the set of all flags ofP . Two flags are said to be adjacent if they differ by exactly one
face. Also, we require that P be strongly flag connected, that is, any two flags Φ,Ψ ∈ F (P ) can be
joined by a sequence of flagsΦ = Φ0,Φ1, . . . ,Φk = Ψ such that each two successive flagsΦi−1 and
Φi are adjacent, withΦ ∩Ψ ⊆ Φi for all i. Finally, we require the homogeneity property (often called
the diamond condition), namely, whenever F 6 G, with rank(F) = j − 1 and rank(G) = j + 1, there
are exactly two faces H of rank j such that F 6 H 6 G.
The diamond condition implies that given a flag Φ of P , for each i ∈ {0, . . . , n− 1} there exists a
unique flag i-adjacent toΦ , denoted byΦ i. We shall denote the i-face ofΦ by (Φ)i. Two i-faces F and
F ′ are said to be adjacent if there exists a flagΦ such that (Φ)i = F and (Φ i)i = F ′.
Given two faces F and G of a polytope P such that F 6 G, the section G/F of P is the set of faces
{H ∈ P |F 6 H 6 G}. If F0 is a vertex, then the section Fn/F0 is called the vertex-figure of F0. Note that
every section G/F of a polytopeP is also a polytope and has rank rank(G/F) = rank(G)− rank(F)−1.
An n-polytope P , n > 2, is said to be equivelar if, for each j = 1, . . . , n− 1, there exists an integer
pj, such that, for each flag Φ ∈ F (P ), the section (Φ)j+1/(Φ)j−2 is a pj-gon. In this case, we say that
P has Schläfli type (or sometimes only type) {p1, p2, . . . , pn−1}.
The 1-skeleton of a polytope P is the poset consisting of vertices and edges of P . One can think of
the 1-skeleton of a finite polyhedron as being embedded into a surface where each of the faces must
be a simply connected region. Therefore a finite polyhedron is amap (a 2-cell embedding of a graph in
a surface where each region is simply connected); but the converse is not true. The vertex-figures of
a map need not be cycles. In other words, finite 3-polytopes are maps, but maps need not satisfy the
diamond condition. When a map satisfies the diamond condition we say that the map is polytopal.
An automorphism of an n-polytope P is a bijection of the faces that preserves the order. The set of
all automorphisms of P forms a group, its automorphism group, denoted by Aut(P ).
It is not difficult to see that Aut(P ) acts freely on F (P ). Furthermore, denoting by Orb(P ) the set
of all flag orbits of P under the action of Aut(P ), we have the following lemma.
Lemma 1. Let P be an n-polytope, O1,O2 ∈ Orb(P ) and Φ ∈ O1. If for some i ∈ {0, . . . , n − 1},
Φ i ∈ O2, then for any Ψ ∈ O1, Ψ i ∈ O2.
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A polytope is said to be (combinatorially) regular if its automorphism group has exactly one orbit
on the flags. Equivalently, a polytope P is regular if Aut(P ) is transitive on F (P ). Note that regular
n-polytopes are equivelar.
The group of a regular polytopeP of Schläfli type {p1, p2, . . . , pn−1} is generated by involutions ρi,
i = 0, 1, . . . , n − 1, mapping a base flag Φ to the adjacent flags Φ i. These generators satisfy at least
the relations
(ρiρj)
pij = ε, for i, j ∈ {0, . . . , n− 1}, (1)
where pii = 1, pji = pji = pi+1 if j = i + 1, and pij = 2 otherwise. Furthermore, these distinguished
generators of Aut(P ) with respect toΦ also satisfy the intersection condition
〈ρi|i ∈ I〉 ∩ 〈ρj|j ∈ J〉 = 〈ρi|i ∈ I ∩ J〉, (2)
for every I, J ⊆ {0, 1, . . . , n− 1}.
Conversely, every group generated by involutions ρ0, . . . ρn−1 that satisfy at least the relations in
(1) and the intersection condition (2) is isomorphic to the automorphism group of a regular polytope.
The idea of this construction will be given in Section 5, and for details we refer the reader to [10, 2E].
Every regular polytope P has a rotation subgroup Aut+(P ) of Aut(P ) generated by
σi := ρi−1ρi, i = 1, 2, . . . , n− 1.
These σi satisfy at least the relations
σ
pi
i = ε for 1 6 i 6 n− 1, (3)
(σiσi+1 . . . σj)2 = ε for 1 6 i < j 6 n− 1. (4)
Here again {p1, p2, . . . , pn−1} is the Schläfli type of P . Note that Aut+(P ) has index at most 2 in
Aut(P ). A regular n-polytope P is called directly regular if Aut+(P ) has index 2 in Aut(P ).
An n-polytopeP with base flagΦ is called chiral if it is not regular, but there exist automorphisms
σ1, σ2, . . . , σn−1 such that each σi fixes all faces in Φ different from (Φ)i−1 and (Φ)i, and cyclically
permutes consecutive i-faces of P in the rank 2 section (Φ)i+1/(Φ)i−2 of P . Such automorphisms
generate Aut(P ) and are called the distinguished generators of Aut(P )with respect toΦ .
Alternatively, chiral polytopes can be characterized as those polytopes whose automorphism
groups have two orbits on the flags, with adjacent flags in distinct orbits (see [15]). Every chiral
polytope P is equivelar, and the distinguished generators of P satisfy at least the relations (3) and
(4), where {p1, . . . , pn−1} is the Schläfli type of P .
The distinguished generators σi of a chiral polytope of rank n also satisfy an intersection condition
(that, like for the regular case, arises from considering the stabilizers of the chains {(Φ)j|j ∈ J}, where
J ⊆ {0, . . . , n−1}). However, for arbitrary n, the intersection condition for chiral polytopes is intricate
and not easy to state (see [15] for details). Here we only state the intersection condition for chiral 3-
polytopes:
〈σ1〉 ∩ 〈σ2〉 = {ε}. (5)
Conversely, if Γ is a group generated by elements σ1, σ2, . . . , σn−1 which satisfy relations (3) and
(4) aswell as a suitable intersection condition, then it is proved in [15] that there exists a polytopeP of
rank nwhich is either directly regular or chiral, of Schläfli type {p1, . . . , pn−1} and with Aut(P ) ∼= Γ
if P is chiral, or Aut+(P ) ∼= Γ if P is directly regular. Moreover, P is directly regular if and only if
there exists an involutory group automorphism ρ : Γ → Γ such that ρ(σ1) = σ−11 , ρ(σ2) = σ 21 σ2,
and ρ(σi) = σi for 3 ≤ i ≤ n−1.
3. Two-orbit polytopes
In the previous section we gave the basic properties of regular and chiral polytopes. Here we
develop the basic theory of polytopes with two orbits of flags under the action of the automorphism
group.
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Recently Duarte (see [4]) studied 2-restrictedly regular hypermaps of small genus; his study
includes polyhedra with two orbits of flags under the action of the automorphism group on surfaces
of small genus. In his work, he considers the triangle group 1 = 〈R0, R1, R2|R2i = 1〉 and its seven
subgroups of index 2 (denoted by 1+, 1k and 1k̂, for k = 0, 1, 2). Hence a two-orbit hypermap
corresponds to a normal subgroup of any of these seven groups that is not normal in 1. Each of his
seven subgroups of index 2 corresponds to one of our classes of two-orbit polyhedra (see below).
A polytope is said to be a two-orbit polytope if its automorphism group has exactly two orbits on
the flags. Of course, chiral polytopes are examples of two-orbit polytopes. The cuboctahedron and the
icosidodecahedron (together with their duals and Petrials) are examples of two-orbit polyhedra that
are not chiral.
Using monodromy groups (see [7,8]) of polytopes one could take a similar approach to Duarte’s in
order to study two-orbit polytopes, that is, find all the subgroups of index 2 of the universal string
Coxeter group of rank n and study its normal subgroups. However, in this paper we take a more
geometric approach by studying theway inwhich the automorphisms act on the flags of the polytopes.
The action of the automorphism group (of a two-orbit polytope) on the faces of each rank will also be
studied.
The following lemma is an immediate consequence of Lemma 1.
Lemma 2. Let P be a two-orbit polytope of rank n and let Φ ∈ F (P ). If Φ i is in the same orbit asΦ for
some i ∈ {0, . . . , n− 1}, then Ψ and Ψ i are in the same orbit, for any flag Ψ of P .
Proof. Whenever Ψ is in the same orbit as Φ , the result follows from Lemma 1. If Ψ is in a different
orbit than Φ , suppose that Ψ i is in the same orbit as Φ . Lemma 1 implies that Ψ = (Ψ i)i is in the
same orbit asΦ which is a contradiction. HenceΨ imust be in a different orbit thanΦ , but since there
are only two flag orbits, then Ψ i is in the same orbit as Ψ . 
Lemma 2 is very useful in dealing with two-orbit polytopes (and need not be true for polytopes
withmore that two flag orbits). In particular, it allows us to classify two-orbit polytopes into different
classes in the following way. Let P be a two-orbit n-polytope and I ( {0, 1, . . . , n − 1}. Then P is
said to be in class 2I if for every i ∈ I , each flag and the i-adjacent flag are in the same orbit, whereas
for j 6∈ I every flag and the j-adjacent flag are in different orbits. Lemma 2 implies that the classes
2I are well-defined. Furthermore, it also implies that if I, J ( {0, 1, . . . , n − 1} with I 6= J , then the
classes 2I and 2J are disjoint. For convenience, we often simply denote the class 2{i1,i2,...,ik} by 2i1,i2,...,ik .
The class 2∅ is denoted as 2 and it is precisely the class of chiral polytopes. (Note that I cannot equal
{0, 1, . . . , n − 1}; a polytope P in class 2{0,1,...,n−1} has a flag and all the adjacent flags in the same
orbit, implying that P has only one orbit on the flags.)
Note that, for rank 3, there are seven classes of two-orbit polytopes. Class 2 corresponds to the
subgroup1+ of index 2 in1 (of Duarte [4]); for each i ∈ {0, 1, 2}, classes 2i and 2{0,1,2}\{i} correspond
to1i and 1̂i, respectively.
Lemma 2 not only allows us to divide two-orbit polytopes into disjoint classes, but also implies that
given a polytopeP in some class 2I , the local configuration of the flags ofP is completely determined
by I . For example, Figs. 1 and 2 show the local configuration of flags when P is a 3-polytope of type
{6, 4}.
Note that the geometry of this local configuration can help us derive the transitivity properties that
Aut(P ) has on the faces of P ; for example, the local configuration of a polyhedron in class 20,2 tells
us that such polyhedra are not edge transitive. Furthermore, such a local configuration tells us when a
two-orbit polytopeP must be equivelar. For example two-orbit polyhedra are equivelar of type {p, q}
whenever they are in class 2, 20, 21, 22 or 20,2. Moreover, we also observe that pmust be even if P is
in class 20, 21 or 20,2, while qmust be even if P is in class 21, 22 or 20,2. Polyhedra in class 20,1 need
not be equivelar (as the example of the cuboctahedron showed), but must be vertex transitive; also
every vertex must have even valency. Dually, polyhedra in class 21,2 need not be equivelar, but are
face transitive and every face must have an even number of vertices (and edges).
We say that a polytope is i-transitive if its automorphism group is transitive on the faces of rank i.
An n-polytope is said to be fully transitive if it is i-transitive, for every i = 0, . . . , n− 1.
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Fig. 1. Local configuration of the flags of polyhedra of type {6, 4} in classes 20 , 21 and 22 .
Fig. 2. Local configuration of the flags of polyhedra of type {6, 4} in classes 20,1 , 21,2 and 20,2 .
Lemma 3. Let P be a two-orbit n-polytope in class 2I (where I ( {0, 1, . . . , n−1}). ThenP is i-transitive
for every i ∈ I .
Proof. LetΦ be a base flag ofP , i ∈ I and F 6∈ Φ be an i-face ofP . Let Ψ ∈ F (P ) be such that F ∈ Ψ
and let Φ = Φ0,Φ1, . . . ,Φm = Ψ be a sequence of adjacent flags. Consider the sequence of i-faces
(Φ0)i, (Φ1)i, . . . , (Φm)i induced by the sequence of adjacent flags. Since the flagsΦj andΦj+1 differ in
exactly one face for j = 0, 1, . . . ,m − 1, the corresponding i-faces (Φj)i and (Φj+1)i are either equal
or adjacent. (Recall that two i-faces G and G′ of P are said to be adjacent if there exists Φ ′ ∈ F (P )
such that (Φ ′)i = G and (Φ ′ i)i = G′.)
Therefore, by removing duplicates, we obtain a subsequence (Φ)i = F 0, F 1, . . . , F k = F of consec-
utively adjacent i-faces of P . Hence, for each j = 0, 1, . . . , k − 1, there exists Ψj ∈ F (P ) such that
(Ψj)i = F j and (Ψ ij )i = F j+1. But P is in class 2I and i ∈ I . Thus, Ψj and Ψ ij are always in the same
orbit. Hence, there exists γj ∈ Aut(P ) such that Ψjγj = Ψ ij implying that F jγj = F j+1. Therefore,
(Φ)iγ0γ1 . . . γk−1 = F 1γ1 . . . γk−1 = F k = F ,
and P is i-transitive. 
Note that since every polytope P is flag connected, this proof actually depends on the fact that
given two adjacent i-faces F and G there exists an automorphism that sends F to G. Hence we have:
Corollary 4. Let P be a two-orbit polytope with base flag Φ and let i ∈ {0, 1, . . . , n − 1}. Then P is
i-transitive if for each i-face F that is adjacent to (Φ)i, there exists an automorphism of P sending (Φ)i
to F .
Note that for each rank n, there are 2n − 1 different classes of two-orbit polytopes. We now show
that all but n of them are fully transitive. Suppose that P is a two-orbit polytope in class 2I for some
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I ( {0, . . . , n − 1} which is not fully transitive. Let j ∈ {0, . . . , n − 1} \ I be such that P is not j-
transitive and let F and G be two j-faces ofP that belong to different orbits. Hence, for every two flags
Φ and Ψ of P such that F ∈ Φ and G ∈ Ψ , Φ and Ψ must be in different orbits. Since there are only
two flag orbits, all the flags of P that contain F are in the same orbit, say OF , and all the flags that
contain G are in the other orbit, say OG. On one hand this implies that Aut(P ) has exactly two orbits
of j-faces. On the other hand, for every i 6= j, (Φ)j = (Φ i)j, implying that Φ i ∈ OF (for every i 6= j).
In other words, Φ and Φ i are in the same orbit for every i 6= j. Since P is in class 2I this implies that
i ∈ I , for every i 6= j. That is, I = {0, . . . , n− 1} \ {j}. Therefore we have the following theorem.
Theorem 5. Let P be a two-orbit n-polytope in class 2I (where I ( {0, 1, . . . , n − 1}). Then P is a
fully transitive polytope if and only if |I| < n − 1. Furthermore, if I = {0, . . . , n − 1} \ {j} (and hence
|I| = n− 1), then P is i-transitive for every i 6= j, but not for i = j.
Proof. From the above discussion it is clear that P is fully transitive whenever |I| < n − 1. For
the converse, suppose that |I| 6< n − 1, that is, |I| = n − 1. Let j ∈ {0, . . . , n − 1} be such that
I = {0, . . . , n−1} \ {j}, and letΦ be a base flag ofP . Note that by Lemma 3P is i-transitive, for every
i 6= j.
Let us assume now that P is j-transitive, and let γ ∈ Aut(P ) be such that (Φ)jγ = (Φ j)j. Define
Ψ := Φγ (hence (Ψ )j = (Φ j)j), and let Ψ = Ψ0,Ψ1, . . . ,Ψm = Φ j be a sequence of adjacent flags
such that Ψ ∩ Φ j ⊂ Ψk, for every k ∈ {0, . . . ,m} (this exists since P is strongly flag connected).
Note that since (Ψ )j = (Φ j)j, we have (Φ j)j ∈ Ψk, for every k = 0, . . . ,m. This implies that
for each k ∈ {0, . . . ,m − 1}, there exists ik 6= j such that Ψk and Ψk+1 are ik-adjacent. That is,
Ψ
ik
k = Ψk+1, and ik ∈ I . But for each ik 6= j there exists ρik ∈ Aut(P ) such that Φρik = Φ ik . Hence,
ρim−1ρim−2 . . . ρi0γ ∈ Aut(P ), and
Φρim−1 . . . ρi0γ = (Φ im−1)ρim−2 . . . ρi0γ = (Φρim−2 . . . ρi0γ )im−1
= (Φρim−3 . . . ρi0γ )im−2 im−1 = · · · = (Φγ )i0 i1,...,im−1
= Ψ i0i1,...,im−10 = Ψ i1,...,im−11 = · · · = Ψm = Φ j,
contradicting the fact that Φ and Φ j are in different orbits. Therefore P is i-transitive if and only if
i 6= j. 
In particular for rank 3, Theorem 5 implies that polyhedra in classes 2, 20, 21 and 22 are the only
fully transitive classes of two-orbit polyhedra.
Given a two-orbit polytope P , the class to which it belongs is in correspondence with certain
involutory elements of its automorphism group. In fact, it is not difficult to see that the following
lemma holds.
Lemma 6. Let P be a two-orbit n-polytopewith base flag Φ and I ( {0, 1, . . . , n−1}. Then the following
are equivalent:
1. P is in class 2I ,
2. there exists ρi ∈ Aut(P ) such that Φρi = Φ i if and only if i ∈ I .
There are some other automorphisms of a two-orbit polytope P in class 2I that can be identified
from the local configuration of the flags. Let Φ be a base flag of P and let i ∈ I , k 6∈ I; then Φk and
Φk,i are in the same orbit, andΦ andΦk,i,k are in the other orbit. Note thatΦ i andΦk,i,k are different
flags if and only if |i− k| = 1. In such cases, there exists αkik ∈ Aut(P ) such thatΦαkik = Φk,i,k. Now
let j, k 6∈ I; then Φ j,k is in the same orbit as Φ and there exists αjk ∈ Aut(P ) such that Φαjk = Φ j,k.
Let us define the set GI ⊂ Aut(P ) as (see Fig. 3)
GI = {ρi|i ∈ I} ∪ {αjk|j, k 6∈ I and k < j} ∪ {αjij|i ∈ I, j 6∈ I and |j− i| = 1}. (6)
In the next section we shall show that, given a base flag Φ , GI generates Aut(P ) whenever P is a
two-orbit polyhedron. As we shall see, for some I ( {0, . . . , n− 1}, GI is a minimal generating set for
Aut(P ), while for some other I , GI is a redundant set of generators.
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Fig. 3. A subgraph of the graph of flags induced by the i-, j- and k-adjacencies.
α121
ρ2
Fig. 4. Image ofΦ under ρ2 and α121 .
4. The automorphism group of two-orbit polyhedra
In [5] Graver and Watkins classify edge transitive maps (that need not be polytopal). The
classification consists of 14 different types, six of which coincide with classes of two-orbit maps. The
only class of two-orbit polyhedra not included in their classification (because it is not edge transitive)
is the class 20,2. In this paper we shall find necessary and sufficient conditions on the automorphism
group of a two-orbit map for the map to be polytopal. To this end, we develop (in Section 5) a
modification of Wythoff’s construction of a polytope from its group.
Polyhedra in class 20,2 are the only two-orbit polyhedra that are not edge transitive; however,
they are vertex and face transitive and have Schläfli type {2p, 2q}. The other six classes of two-orbit
polyhedra are in correspondence with the six types of edge transitive maps with two flag orbits,
classified byGraver andWatkins [5]. They found generators and relations for the automorphismgroup
of these maps. For each type, their generators correspond to a subset of GI (of the corresponding class
2I ) that generates 〈GI〉. In Table II of [18], a partial presentation for each class of edge transitive maps
is given.
In this section we show that GI is a set of generators for a two-orbit 3-polytope in class 2I , and give
relations that these generators should satisfy. Using the orbit of the base flag under certain subgroups
of the automorphism group, we find intersection conditions for each class of two-orbit polyhedra.
Proposition 7. Let P be a two-orbit polyhedron in class 20,2 of Schläfli type {2p, 2q} and let Φ be a base
flag of P . Then Aut(P ) = 〈G{0,2}〉. Furthermore, the elements of G{0,2} satisfy at least the relations
ρ20 = ρ22 = α2101 = α2121 = (ρ0ρ2)2 = (α101α121)2 = (ρ0α101)p = (ρ2α121)q = ε. (7)
Proof. The automorphisms ρ2 and α121 send the 2-face (Φ)2 to its adjacent faces (Φ2)2 and (Φ1,2)2,
respectively (see Fig. 4). Note that 〈ρ0α101〉 is the rotational subgroup of the stabilizer of the 2-
face (Φ)2 (under the action of Aut(P )). Then {ρ2, α121}〈ρ0α101〉 sends (Φ)2 to any of its adjacent
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Fig. 5. Orbit ofΦ under 〈ρ0, ρ2〉, 〈α101, α121〉, 〈ρ0, α101〉 and 〈ρ2, α121〉.
2-faces. Hence, Corollary 4 implies that 〈G{0,2}〉 acts transitively on the 2-faces of P . Furthermore,
since 〈ρ0, α101〉 is the stabilizer of (Φ)2, G{0,2} generates Aut(P ). 
For a two-orbit polyhedron P in class 20,2, we refer to the generators ρ0, ρ2, α101 and α121 of
Proposition 7 as the distinguished generators of P with respect toΦ .
Note that the orbit ofΦ under 〈ρ0, α101〉 is {Φ,Φ0,Φ0,1,0,1,Φ0,1,0,1,0, . . . ,Φ1,0,1}while the orbit
ofΦ under 〈ρ2, σ121〉 is {Φ,Φ2,Φ2,1,2,1,Φ2,1,2,1,2, . . . ,Φ1,2,1} (see Fig. 5). Hence, we can think of the
orbits of Φ under 〈ρ0, α101〉 and 〈ρ2, α121〉 as the face (Φ)2 and the vertex (Φ)0, respectively. Since
P is a polytope, a face and a vertex have at most two edges in common. In particular (Φ)2 and (Φ)0
have exactly two edges in common, namely (Φ)1 and (Φ1)1. Thus, the orbits of Φ under 〈ρ0, α101〉
and 〈ρ2, α121〉 have only one element in common:Φ . In other words,
〈ρ0, α101〉 ∩ 〈ρ2, α121〉 = {ε}. (8)
In a similar fashion, we can derive the following (see Fig. 5):
〈ρ0, α101〉 ∩ 〈ρ0, ρ2〉 = 〈ρ0〉, (9)
〈ρ2, α121〉 ∩ 〈ρ0, ρ2〉 = 〈ρ2〉, (10)
〈ρ0, α101〉 ∩ 〈α101, α121〉 = 〈α101〉, (11)
〈ρ2, α121〉 ∩ 〈α101, α121〉 = 〈α121〉. (12)
We shall refer to (8) to (12) as the intersection conditions for class20,2.
Example 8. In [4] Duarte classified all regular and two-orbit polyhedra of type {4, 4} on the torus
into four different families. The polyhedra in one of these families are in class 20,2. They appear as
a quotient of the Euclidean square tessellation T by a sublattice generated by two integer vectors
(b, 0) and (c, d), where c = 0 or b = 2c. Fig. 6 shows examples of these polyhedra. If c = 0, the
polyhedra are regular whenever b = d but otherwise in class 20,2. If b = 2c , they are regular if c = d
and otherwise in class 20,2. We denote polyhedra in this family by {4, 4}20,2(b,0),(c,d). The automorphism
group is
Aut({4, 4}20,2(b,0),(c,d)) = 〈ρ0, ρ2, α101, α121 | ρ20 = ρ22 = α2101 = α2121 = (ρ0ρ2)2
= (α101α121)2 = (ρ0α101)2 = (ρ2α121)2
= (α121ρ0)b = (α121ρ0)c(ρ2α101)d = ε〉.
Using the sets of generators in [5] (that are a subset of the corresponding GI ), like in the approach
for class 202, for all the other classes, we can think of the faces of the polyhedron as orbits of subgroups
(or cosets of subgroups) to find intersection conditions of each class 2I , I ⊂ {0, 1, 2}.
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Fig. 6. Two-orbit polyhedra in class 20,2 on the torus.
The automorphism group of a two-orbit polyhedron in class 20 is generated by ρ0 and α12,
satisfying at least the relations
ρ20 = αq21 = (α21ρ0α−121 ρ0)p = ε, (13)
and the intersection condition
〈α21〉 ∪ 〈ρ0, α21ρ0α−121 〉 = {ε}. (14)
In a dual way, the automorphism group of a polyhedron in class 22 is generated by two
automorphisms ρ2, α10 that satisfy at least the relations
ρ22 = αp10 = (ρ2α−110 ρ2α10)q = ε, (15)
as well as the intersection condition
〈α10〉 ∩ 〈ρ2, α−110 ρ2α10〉 = {ε}. (16)
Polyhedra in class 21 have automorphism groups generated by three involutions ρ1, α010 and α20
that satisfy at least the relations
ρ21 = α2010 = α220 = (ρ1α010)p = (α20α010α20ρ1)q = ε, (17)
together with the intersection conditions
〈ρ1, α20α010α20〉 ∩ 〈α20〉 = {ε} = 〈ρ1, α010〉 ∩ 〈α20〉 (18)
〈ρ1, α20α010α20〉 ∩ (〈ρ1, α010〉 ∪ α20〈ρ1, α010〉) = 〈ρ1〉 (19)
〈ρ1, α20α010α20〉α20 ∩ (〈ρ1, α010〉 ∪ α20〈ρ1, α010〉) = {α20, α20α010}. (20)
The generators of the automorphism group of a polyhedron in class 201, ρ0, ρ1 and α212, satisfy at
least the relations
ρ20 = ρ21 = α2212 = (ρ0ρ1)p1 = (ρ0α212)p2 = (ρ1α212)q = ε (21)
(where p1, p2 ∈ {2, 3, . . .} ∪ {∞} need not be different) and the intersection conditions
〈ρ0, ρ1〉 ∩ 〈ρ1, α212〉 = 〈ρ1〉,
〈ρ0, α212〉 ∩ 〈ρ1, α212〉 = 〈α212〉. (22)
Finally, dualizing, the automorphism group of a polyhedron in class 212 is generated by the
elements of G{1,2} and satisfies at least the relations
ρ21 = ρ22 = α2010 = (ρ1α010)p = (ρ1ρ2)q1 = (ρ2α010)q2 = ε (23)
(where q1, q2 ∈ {2, 3, . . .} ∪ {∞} need not be different) as well as the intersection conditions
〈ρ1, ρ2〉 ∩ 〈ρ1, α010〉 = 〈ρ1〉,
〈ρ2, α010〉 ∩ 〈ρ1, α010〉 = 〈α010〉. (24)
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Fig. 7. Orbits ofΦ under 〈ρ1, α20α010α20〉α20 and 〈ρ1, α010〉.
5. Two-orbit polyhedra from groups
In Section 4 we investigated the automorphism groups of two-orbit polyhedra. Here we shall take
a group Γ with certain properties and, using a modification of the group-based coset construction for
regular and chiral polytopes (that can been thought as an abstract version of the classical Wythoff’s
construction for convex polytopes, and hence we shall refer to it simply as Wythoff’s construction),
show that there exists a two-orbit or regular polyhedron whose automorphism group is isomorphic
to Γ (or contains an isomorphic copy of Γ ). Conditions for the polyhedron to be regular will also be
given.
The necessary and sufficient conditions that a group must satisfy in order to be the automorphism
group of a regular or chiral polytope are given in [12] (see also [10, 2E]) and [15], respectively. In
Wythoff’s construction for regular and chiral polytopes we identify the i-face of the base flag with its
stabilizer, for each i = 0, . . . , n− 1. The other faces are identified with the cosets of these stabilizers.
Thewell-known classical construction of a regular (abstract) polyhedron froma group is as follows.
Given a group Γ with generators ρ0, ρ1, ρ2 that satisfy at least the relations
ρ2i = (ρ0ρ2)2 = (ρ0ρ1)p = (ρ1ρ2)q = ε
and the intersection condition
〈ρi|i ∈ I〉 ∩ 〈ρj|j ∈ J〉 = 〈ρi|i ∈ I ∩ J〉 where I, J ⊆ {0, 1, 2},
we define the subgroups Γ0 := 〈ρ1, ρ2〉, Γ1 := 〈ρ0, ρ2〉 and Γ2 := 〈ρ0, ρ1〉. In this way, we define the
i-faces of our polyhedronP (Γ ) as the cosets Γiψ , whereψ ∈ Γ . For technical reasons we also define
Γ−1 := Γ =: Γ3. Then we can give a partial order between the faces as
Γiψ 6 Γjϕ if and only if i 6 j and Γiψ ∩ Γjϕ 6= ∅. (25)
This partially ordered set can be proved to be a regular polytope P (Γ ) with automorphism group
Aut(P (Γ )) ∼= Γ (see [10, 2E]).
For two-orbit polyhedra, a similar construction will be given; however some modifications to
the classical constructions must be made. On the one hand, some two-orbit polyhedra are not fully
transitive whereas a construction of the above sort always gives a fully transitive polyhedron. On
the other hand, for some classes of fully transitive two-orbit polyhedra, (25) is not a well-defined
order. That is, suppose that we have a group Γ generated by ρ1, α010 and α20 that satisfies at least
the relations in (17) and the intersection conditions (18) to (20), and we want this group to be the
automorphism group of a polyhedron; however, if we proceed as in the classical (regular) case and
define the subgroups Γ0 = 〈ρ1, α20α010α20〉, Γ1 = 〈α20〉, Γ2 = 〈ρ1, α010〉 and Γ−1 = Γ3 = Γ , and
take the i-faces to be suitable cosets, then define the order as in (25), we create the following problem.
We have that Γ1 6 Γ2 and Γ0α20 6 Γ1. However Γ0α20 ∩ Γ2 = 〈ρ1, α20α010α20〉α20 ∩ 〈ρ1, α010〉 = ∅
(see Fig. 7). Hence Γ0α20 6≤ Γ2 which violates the transitivity of the partial order.
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5.1. Two-orbit polyhedra from groups: The fully transitive classes
We know that there are four classes of fully transitive two-orbit polyhedra. One is the chiral class
discussed in [15], and we shall now discuss the classes 20, 21 and 22.
5.1.1. The class 21
We give the details of the construction of polyhedra in class 21, since it is the one with the most
complex intersection condition among these classes. Let 1Γ be a group generated by ρ1, α010 and α20
satisfying at least the relations in (17) as well as the intersection conditions (18) to (20).
Define 1Γ −1 := 1Γ =: 1Γ 3 and let
1Γ 0 := 〈ρ1, α20α010α20〉, 1Γ 1 := 〈α20〉, 1Γ 2 := 〈ρ1, α010〉 ∪ α20〈ρ1, α010〉.
Note that 1Γ 2 = 〈α20〉〈ρ1, α010〉, which need not be a subgroup of 1Γ .
To define the partially ordered set P1Γ , for each i ∈ {−1, 0, 1, 2, 3}, let {1Γ iϕ|ϕ ∈ 1Γ } be the set
of i-faces of P1Γ , and let the order be given by
1Γ iψ 6 1Γ jϕ if and only if
{i < j and 1Γ iψ ∩ 1Γ jϕ 6= ∅,
or
i = j and 1Γ iψ = 1Γ jϕ.
(26)
We shall devote the next few pages to showing that P1Γ actually is a fully transitive polyhedron
with one or two flag orbits. For that we have a series of lemmas and propositions.
Lemma 9. For any ϕ ∈ 1Γ and i = 1, 2,
(a) 1Γ 0ϕ 6 1Γ 1 if and only if 1Γ 0ϕ = 1Γ 0 or 1Γ 0ϕ = 1Γ 0α20.
(b) 1Γ 1 6 1Γ 2ϕ if and only if 1Γ 2ϕ = 1Γ 2 or 1Γ 2ϕ = 1Γ 2α20.
(c) 1Γ 0 6 1Γ iϕ if and only if 1Γ iϕ = 1Γ iα or 1Γ iϕ = 1Γ iα20α, for some α ∈ 1Γ 0.
(d) 1Γ i−1ϕ 6 1Γ 2 if and only if 1Γ i−1ϕ = 1Γ i−1β for some β ∈ 1Γ 2.
Proof. First note that all the converses are obvious and that it is easy to see that intersection condition
(18), together with the fact that 1Γ 1 = {ε, α20} has only two elements, implies (a) and (b).
Suppose that 1Γ 0 6 1Γ 1ϕ, and let α ∈ 1Γ 0 ∩ 1Γ 1ϕ. Since 1Γ 1 is a subgroup of 1Γ and the in-
tersection condition (18) is satisfied, we have 1Γ 1ϕ = 1Γ 1α which proves (c) for i = 1. Finally,
let 1Γ 0 6 1Γ 2ϕ and α ∈ 1Γ 0 ∩ 1Γ 2ϕ. Then, either α ∈ 1Γ 0 ∩ 〈ρ1, α010〉ϕ, and the intersec-
tion condition (19) implies that 1Γ 2ϕ = 1Γ 2α, or α ∈ 1Γ 0 ∩ α20〈ρ1, α010〉ϕ (so α = α20γ ϕ for
some γ ∈ 〈ρ1, ρ〉 ⊂ 1Γ 2 and hence ϕ = γ−1α20α) and the intersection condition (19) implies that
1Γ 2ϕ = 1Γ 2α20α. The proof of (d) is similar. 
Proposition 10. P1Γ is a partially ordered set under ‘‘6’’.
Proof. Note that the reflexivity and antisymmetry of the partial order defined in (26) are obvious. The
transitivity is implied by Lemma 9. 
Lemma 11. Every flag of P1Γ has exactly five elements.
Proof. Let 1Γ 0 6 1Γ 2ϕ. By Lemma 9, 1Γ 2ϕ = 1Γ 2α or 1Γ 2α20α, for some α ∈ 1Γ 0. Hence, since
1Γ 1α20 = 1Γ 1 and 1Γ 0α = 1Γ 0, we have 1Γ 0 6 1Γ 1α 6 1Γ 2ϕ. This implies that every flag has
exactly five (that is n+ 2) elements, including 1Γ −1 and 1Γ 3. 
Lemma 12. For each i = 0, 1, 2, let Stab(1Γ i) be the stabilizer of 1Γ i under the (right) action of 1Γ .
Then
Stab(1Γ i) =
{
1Γ i if i = 0, 1,〈ρ1, α010〉 if i = 2.
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Proof. Since 1Γ i are subgroups of 1Γ for i = 0, 1, then Stab(1Γ i) = 1Γ i for these two cases. If i = 2,
then it is clear that 〈ρ1, α010〉 ⊂ Stab(1Γ 2). On the other hand, if γ ∈ Stab(1Γ 2), then 〈ρ1, α010〉γ ∪
α20〈ρ1, α010〉γ = 1Γ 2γ = 1Γ 2 = 〈ρ1, α010〉∪α20〈ρ1, α010〉. This implies that for each ϕ ∈ 〈ρ1, α010〉,
ϕγ ∈ 〈ρ1, α010〉 or ϕγ ∈ α20〈ρ1, α010〉. Note that if there exists ϕ ∈ 〈ρ1, α010〉 such that ϕγ ∈
〈ρ1, α010〉, then γ ∈ 〈ρ1, α010〉.
Assume that ϕγ ∈ α20〈ρ1, α010〉, for every ϕ ∈ 〈ρ1, α010〉. In particular, for ϕ = ε we get that γ ∈
α20〈ρ1, α010〉. Let us have ϕ0 ∈ 〈ρ1, α010〉 such that γ = α20ϕ0. Then 1Γ 2 = 1Γ 2γ = 1Γ 2α20ϕ0
implies that 1Γ 2 = 1Γ 2ϕ−10 = 1Γ 2α20 = 〈ρ1, α010〉α20 ∪ α20〈ρ1, α010〉α20. Therefore α20α010α20 ∈
1Γ 2 ∩ 1Γ 0 = 〈ρ1〉 (by intersection condition (19)), which is a contradiction. Hence Stab(1Γ 2) ⊆〈ρ1, α010〉 and the result follows. 
Corollary 13. 1Γ acts freely on the flags of P1Γ . Hence the action of 1Γ on P1Γ is faithful.
Lemma 14. Let Ψ := {1Γ 0ϕ0, 1Γ 1ϕ1, 1Γ 2ϕ2} be a flag of P1Γ (suppressing improper faces). Then, for
each i = 0, 1, 2, there exist βi ∈ Stab(1Γ i) and ki ∈ {0, 1} such that
Ψ = {1Γ 0ϕ0, 1Γ 1β0ϕ0, 1Γ 2αk020β0ϕ0}
= {1Γ 0β1ϕ1, 1Γ 1ϕ1, 1Γ 2αk120β1ϕ1}
= {1Γ 0αk220β2ϕ2, 1Γ 1β2ϕ2, 1Γ 2ϕ2}.
Proof. By the definition of the order,we have that 1Γ 0ϕ0 6 1Γ 1ϕ1 6 1Γ 2ϕ2 if and only if 1Γ 0ϕ0ϕ−12 6
1Γ 1ϕ1ϕ
−1
2 6 1Γ 2. We now observe that {ϕ1ϕ−12 , α20ϕ1ϕ−12 } = 1Γ 1ϕ1ϕ−12 6 1Γ 2 implies that ϕ1ϕ−12
∈ 〈ρ1, α010〉 or ϕ1ϕ−12 ∈ α20〈ρ1, α010〉 (and in the latter case α20ϕ1ϕ−12 ∈ 〈ρ1, α010〉). Denote the el-
ement of {ϕ1ϕ−12 , α20ϕ1ϕ−12 } that is in 〈ρ0, α010〉 by β2. Hence 1Γ 1ϕ1ϕ−12 = 1Γ 1α20ϕ1ϕ−12 = 1Γ 1β2.
Furthermore, by Lemma 9(a), 1Γ 0ϕ0ϕ
−1
1 = 1Γ 0 or 1Γ 0α20 implying that 1Γ 0ϕ0 = 1Γ 0ϕ1 or
1Γ 0α20ϕ1 and thus 1Γ 0ϕ0ϕ
−1
2 = 1Γ 0β2 or 1Γ 0α20β2. Hence, there exists k2 ∈ {0, 1} such that
Ψ = {1Γ 0αk220β2ϕ2, 1Γ 1β2ϕ2, 1Γ 2ϕ2}. The proofs of the remaining equalities are similar. 
Proposition 15. P1Γ is a 3-polytope under the order ‘‘6’’ defined in (26).
Proof. Proposition 10 implies that P1Γ is a partially ordered set. 1Γ −1 is its least face, while 1Γ 3 is
its greatest one. Lemma 11 states that every flag has five elements. Denote the set of all flags of P1Γ
by F (P1Γ ).
To show that the diamond condition is satisfied, we let i ∈ {0, 1, 2} and 1Γ i−1ψ 6 1Γ i+1ϕ, and
show that there are exactly two i-faces 1Γ iγ such that 1Γ i−1ψ 6 1Γ iγ 6 1Γ i+1ϕ. For i = 0, 2, this
follows from parts (a) and (b) of Lemma 9. For i = 1, Corollary 13 and Lemma 14 imply that it is
enough to show the diamond condition for 1Γ 0 6 1Γ 2 and for 1Γ 0 6 1Γ 2α20.
Assuming that 1Γ 0 6 1Γ 2, let γ be any element of 1Γ such that 1Γ 0 6 1Γ 1γ 6 1Γ 2. Lemma 9(c)
and (d), together with the fact that 1Γ 1 = {ε, α20}, imply that there exist α ∈ 1Γ 0 and β ∈ 〈ρ1, α010〉
such that 1Γ 1γ = 1Γ 1α = 1Γ 1β . Hence 1Γ 1 = 1Γ 1αβ−1 which implies that αβ−1 ∈ 1Γ 1; in
other words, either α = β or α = α20β . The intersection condition (19) implies that α ∈ 1Γ 0 is not
in α20〈ρ1, α010〉 and therefore we must have that α = β . Hence α = β ∈ 1Γ 0 ∩ 〈ρ1, ρ〉 = 〈ρ1〉.
Therefore 1Γ 1γ = 1Γ 1 or 1Γ 1ρ1, which proves the diamond condition for 1Γ 0 6 1Γ 2.
Assuming now 1Γ 0 6 1Γ 2α20 and γ ∈ 1Γ such that 1Γ 0 6 1Γ 1γ 6 1Γ 2α20, a similar analysis
shows that the intersection condition (20) implies that 1Γ 1γ = 1Γ 1 or 1Γ 1α20α010α20.
Since the diamond condition is satisfied, for each Ψ ∈ F (P1Γ ) and each i ∈ {0, 1, 2}, Ψ i is
well-defined as the unique flag i-adjacent to Ψ . Note that the action of 1Γ on the faces of P1Γ
defines an action of 1Γ on F (P1Γ ), namely, if Ψ = {1Γ 0ϕ0, 1Γ 1ϕ1, 1Γ 2ϕ2} and γ ∈ 1Γ , then
Ψ γ = {1Γ 0ϕ0γ , 1Γ 1ϕ1γ , 1Γ 2ϕ2γ }. Hence, ifΦ := {1Γ 0, 1Γ 1, 1Γ 2} ∈ F (P1Γ ),
Φρ1 = {1Γ 0ρ1, 1Γ 1ρ1, 1Γ 2ρ1} = {1Γ 0, 1Γ 1ρ1, 1Γ 2} = Φ1.
SimilarlyΦα010 = Φ0,1,0 andΦα20 = Φ0,2. Furthermore, for any ϕ ∈ 1Γ , Ψ iϕ = (Ψϕ)i.
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It remains to show that P1Γ is strongly flag connected. By Corollary 13, we may assume without
loss of generality that one of the flags is Φ . Let Ψ := {1Γ 0ϕ0, 1Γ 1ϕ1, 1Γ 2ϕ2} ∈ F (P1Γ ). If Φ and
Ψ differ in exactly one face, then they are adjacent to each other and there is nothing to prove.
Otherwise, Lemma 14 implies that there exists β0 ∈ 1Γ 0 such that ϕ−10 β−10 sends Ψ to eitherΦ or to
{1Γ 0, 1Γ 1, 1Γ 2α20} = Φ2. Note that ifΦ∩Ψ = 1Γ i for some i ∈ {0, 1, 2}, then ϕ−10 β−10 ∈ Stab(1Γ i).
Now, ϕ−10 β
−1
0 ∈ 1Γ = 〈ρ1, α010, α20〉. Since Φρ1 = Φ1, Φα010 = Φ0,1,0 and Φα20 = Φ0,2,
we have that Ψ = Φ i1,...,im for some integer m and some ij ∈ {0, 1, 2} for each j ∈ {1, . . . ,m}.
Furthermore, Lemma 12 implies that if Φ ∩ Ψ = 1Γ i for each j ∈ {1, . . .m}, ij ∈ {0, 1, 2} \ {i}.
Defining Φj := Φ i1,...,ij we get that Φ,Φ1, . . . ,Φm = Ψ is a sequence of adjacent flags that starts at
Φ and finishes at Ψ such that Φj ∈ Φ ∩ Ψ for every j ∈ {1, . . . ,m}. Therefore P1Γ is strongly flag
connected and hence it is a 3-polytope. 
Proposition 16. 1Γ has exactly two orbits on F (P1Γ ).
Proof. As pointed out in the proof of Proposition 15, Lemma 14 implies that ifΦ := {1Γ 0, 1Γ 1, 1Γ 2},
then every flag can bymapped to eitherΦ orΦ2 by an element of 1Γ . This means that 1Γ has at most
two orbits in F (P1Γ ). Suppose that 1Γ has only one orbit in F (P1Γ ); then there exists ρ2 ∈ 1Γ such
thatΦρ2 = Φ2. Then, {1Γ 0ρ2, 1Γ 1ρ2, 1Γ 2ρ2} = Φρ2 = Φ2 = {1Γ 0, 1Γ 1, 1Γ 2ρ2}which contradicts
the fact that ρ2 ∈ 1Γ 0∩1Γ 1 = {ε} does not fixΦ . Therefore 1Γ has exactly two orbits inF (P1Γ ). 
Theorem 17. Let 1Γ = 〈ρ1, α010, α20〉 be a group satisfying the relations in (17) and the intersection
conditions (18) to (20) and let P1Γ be the 3-polytope associated with 1Γ . Then P1Γ is a regular or two-
orbit polyhedron in class 21 of Schläfli type {2p, 2q}. Furthermore,P1Γ is regular if and only if there exists
a group automorphism ρ̂ of 1Γ such that
(ρ1)̂ρ = α010, (α010)̂ρ = ρ1, (α20)̂ρ = α20. (27)
If P1Γ is regular, then 1Γ is a subgroup of index 2 in Aut(PΓ ). Otherwise 1Γ = Aut(P1Γ ).
Proof. From the definition of the i-faces ofP1Γ it is clear thatP1Γ is fully transitive. Sinceρ1 ∈ 1Γ and
1Γ has exactly two orbits in F (P1Γ ), we conclude from Lemma 2 that every flag and its 1-adjacent
flag are in the same orbit. Therefore P1Γ is either regular or in class 21. The relations in (17) together
with Proposition 16 imply that the Schläfli type of P1Γ is {2p, 2q}.
Suppose that P1Γ is regular and let ρ0 ∈ Aut(P1Γ ) be such that Φρ0 = Φ0. Then ρ0 induces a
group automorphism ρ̂ : 1Γ → 1Γ defined by (ϕ)̂ρ = ρ0ϕρ0 for every ϕ ∈ 1Γ . By considering the
action of the elements of 1Γ on the base flag Φ := {1Γ 0, 1Γ 1, 1Γ 2}, it is not difficult to see that in
fact (ρ1)̂ρ = ρ0ρ1ρ0 = α010; (α010)̂ρ = ρ0α010ρ0 = ρ1; and (α20)̂ρ = ρ0α20ρ0 = α20. Thus ρ̂ is a
well-defined automorphism of 1Γ and satisfies (27).
Conversely, if there exists a group automorphism ρ̂ : 1Γ → 1Γ satisfying (27), thenwemay define
α : P1Γ → P1Γ by its action on the faces as follows:
(1Γ iϕ)α =
{
1Γ 0α20((ϕ)̂ρ) if i = 0,
1Γ i((ϕ)̂ρ) if i = 1, 2.
Since ρ̂ is a group automorphism, then α defines a bijection on the i-faces of P1Γ and furthermore,
Φα = Φ0. Thus, if we show that α preserves the order, then P1Γ is regular. But this is clear by the
definition of the order in (26). 
5.1.2. The classes 20 and 22
Above we have characterized the automorphism groups of polyhedra in class 21. In what follows,
we describe the construction for classes 20 and 22. Because of the similarity with the construction for
class 21, we leave out the proofs.
Let 0Γ be a group generated by ρ0 and α21 satisfying at least the relations in (13) and the
intersection condition (14). Define 0Γ −1 := 0Γ =: 0Γ 3 and let
0Γ 0 := 〈α21〉, 0Γ 1 := 〈ρ0〉, 0Γ 2 := 〈ρ0, α21ρ0α−121 〉 ∪ α21〈ρ0, α21ρ0α−121 〉.
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The set of i-faces is then defined to be {0Γ iγ |γ ∈ 0Γ } and the order ‘‘6’’ defined as in (26). Let P0Γ
be the set of i-faces together with this order.
Theorem 18. Let 0Γ = 〈ρ0, α21〉 and P0Γ be as above. Then, under ‘‘6’’, P0Γ is a regular or two-orbit
polyhedron in class 20 of Schläfli type {2p, q}. Furthermore,P0Γ is regular if and only if there exists a group
automorphism ρ̂ of 0Γ such that
(ρ0)̂ρ = ρ0, (α21)̂ρ = α−121 .
If P0Γ is regular, then 0Γ is a subgroup of index 2 in Aut(P0Γ ); otherwise 0Γ = Aut(P0Γ ).
In dual fashion we now let 2Γ be a group generated by ρ2 and α10 satisfying at least the relations
in (15) and the intersection condition (16). Define 2Γ −1 := 2Γ =: 2Γ 3 and let
2Γ 0 := 〈ρ2, α10ρ2α−110 〉 ∪ α10〈ρ2, α10ρ2α−110 〉, 2Γ 1 := 〈ρ2〉, 2Γ 2 := 〈α10〉.
The set of i-faces is defined to be {2Γ iγ |γ ∈ 2Γ } and the order ‘‘6’’ defined as in (26). Let P2Γ be the
set of i-faces together with this order.
Theorem 19. Let 2Γ = 〈ρ0, α10〉 and P2Γ be as above. Then, under ‘‘6’’, P2Γ is a regular or two-orbit
polyhedron in class 22 of Schläfli type {p, 2q}. Furthermore,P2Γ is regular if and only if there exists a group
automorphism ρ̂ of 2Γ such that
(ρ2)̂ρ = ρ2, (α10)̂ρ = α−110 .
If P2Γ is regular, then 2Γ is a subgroup of index 2 in Aut(P2Γ ); otherwise 2Γ = Aut(P2Γ ).
5.2. Two-orbit polyhedra from groups: The classes 20,2, 20,1 and 21,2.
In the group-based constructions for fully transitive two-orbit polyhedra as well as in those for
regular and chiral polyhedra, the faces of the partially ordered set are defined using cosets of certain
‘‘base’’ facesΓ0,Γ1 andΓ2. Therefore it is clear thatΓ acts transitively on the faces of each rank and the
resulting polytope is fully transitive. On the other hand, the two-orbit polyhedra in classes 20,1, 21,2
and 20,2 are not fully transitive. Thus, the above construction must be modified.
5.2.1. The class 20,2
We now give the details of the construction of a two-orbit polyhedron in class 20,2 from a suitable
group.
Let 1̂Γ be a group generated by ρ0, ρ2, α101 and α121 satisfying at least the relations in (7) together
with the intersection conditions (8) to (12). Let 1̂Γ −1 := 1̂Γ =: 1̂Γ 3 and let
1̂Γ 0 := 〈ρ2, α121〉, Υ := 〈ρ0, ρ2〉,
1̂Γ 2 := 〈ρ0, α101〉, Υ ′ := 〈α101, α121〉.
Let Fi be the set of i-faces defined as follows:
Fi := {̂1Γ iγ |γ ∈ 1̂Γ } for i ∈ {−1, 0, 2, 3},
F1 := {Υ γ |γ ∈ 1̂Γ } ∪ {Υ ′γ |γ ∈ 1̂Γ }.
Define the order as in (26), where 1̂Γ 1 denotes either the subgroup Υ or the subgroup Υ
′. LetP
1̂Γ
be
the set of the faces Fi, i = −1, . . . , 3, together with this order.
Note that herewe have a situation similar to that in the regular and chiral cases. That is, the faces of
each rank are either subgroups of 1̂Γ or cosets of these subgroups. For this reason, the proofs of some
of the lemmas and propositions that we need to show that P
1̂Γ
is a polytope are straightforward.
Lemma 20. For i = 0, 1, 2, let Stab(̂1Γ i) be the stabilizer of 1̂Γ i under the (right) action of 1̂Γ . Then
Stab(̂1Γ i) = 1̂Γ i.
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Corollary 21. 1̂Γ acts freely on the flags of P1̂Γ . Hence the action of 1̂Γ on P1̂Γ is faithful.
Lemma 22. For any ϕ ∈ 1̂Γ and i = 0, 1, 2,
(a) 1̂Γ 0ϕ 6 Υ if and only if 1̂Γ 0ϕ = 1̂Γ 0 or 1̂Γ 0ϕ = 1̂Γ 0ρ0.
(b) 1̂Γ 0ϕ 6 Υ
′ if and only if 1̂Γ 0ϕ = 1̂Γ 0 or 1̂Γ 0ϕ = 1̂Γ 0α101.
(c) Υ 6 1̂Γ 2ϕ if and only if 1̂Γ 2ϕ = 1̂Γ 2 or 1̂Γ 2ϕ = 1̂Γ 2ρ2.
(d) Υ ′ 6 1̂Γ 2ϕ if and only if 1̂Γ 2ϕ = 1̂Γ 2 or 1̂Γ 2ϕ = 1̂Γ 2α121.
(e) 1̂Γ 0 6 1̂Γ iϕ if and only if 1̂Γ iϕ = 1̂Γ iα for some α ∈ 1̂Γ 0.
(f) 1̂Γ iϕ 6 1̂Γ 2 if and only if 1̂Γ iϕ = 1̂Γ iβ for some β ∈ 1̂Γ 2.
Proof. Note that the converses are obvious. Suppose that 1̂Γ 0ϕ 6 Υ . Then there existsα ∈ 1̂Γ 0ϕ∩Υ ;
note that α ∈ 1̂Γ 0ϕ implies that 1̂Γ 0ϕ = 1̂Γ 0α. Since Υ = {ε, ρ0, ρ2, ρ0ρ2}, the intersection con-
dition (10) implies that if α = ε or α = ρ2, then 1̂Γ 0α = 1̂Γ 0. Likewise, if α = ρ0 or ρ0ρ2, then
1̂Γ 0α = 1̂Γ 0ρ0 and (a) follows. The rest of the statements are similar. 
Proposition 23. P
1̂Γ
is a partially ordered set under ‘‘6’’.
Proof. Let 1̂Γ 0ψ 6 1̂Γ 1γ and 1̂Γ 1γ 6 1̂Γ 2ϕ. Then 1̂Γ 0ψγ
−1 6 1̂Γ 1 and 1̂Γ 1 6 1̂Γ 2ϕγ
−1. Hence by
Lemma 22,
1̂Γ 0ψγ
−1 = 1̂Γ 0 or 1̂Γ 0ψγ−1 =
{
1̂Γ 0ρ0, if 1̂Γ 1 = Υ
1̂Γ 0α101, if 1̂Γ 1 = Υ ′
and
1̂Γ 2ϕγ
−1 = 1̂Γ 2 or 1̂Γ 2ϕγ−1 =
{
1̂Γ 0ρ2, if 1̂Γ 1 = Υ
1̂Γ 0α121, if 1̂Γ 1 = Υ ′.
We now have
1̂Γ 0 ∩ 1̂Γ 2 = {ε}, 1̂Γ 0ρ0 ∩ 1̂Γ 2 = {ρ0}, 1̂Γ 0α101 ∩ 1̂Γ 2 = {α101},
1̂Γ 0 ∩ 1̂Γ 2ρ2 = {ρ2}, 1̂Γ 0ρ0 ∩ 1̂Γ 2ρ2 = {ρ0ρ2}, 1̂Γ 0α101 ∩ 1̂Γ 2α121 = {α101α121},
1̂Γ 0 ∩ 1̂Γ 2α121 = {α121}.
Thus 1̂Γ 0ψγ
−1 ∩ 1̂Γ 2ϕγ−1 6= ∅, and so 1̂Γ 0ψ 6 1̂Γ 2ϕ. 
Lemma 24. Every flag of P
1̂Γ
has exactly five elements.
Proof. The lemma follows from Lemma 22(e). 
Lemma 25. Let Ψ := {̂1Γ 0ϕ0, 1̂Γ 1ϕ1, 1̂Γ 2ϕ2} be a flag of P1̂Γ . Then, for each i = 0, 1, 2, there exist
βi ∈ 1̂Γ i such that
Ψ = {̂1Γ 0ϕ0, 1̂Γ 1β0ϕ0, 1̂Γ 2β0ϕ0}
= {̂1Γ 0β1ϕ1, 1̂Γ 1ϕ1, 1̂Γ 2β1ϕ1}
= {̂1Γ 0β2ϕ2, 1̂Γ 1β2ϕ2, 1̂Γ 2ϕ2}.
Proof. This follows from Lemma 22 and the fact that 1̂Γ i is a subgroup of 1̂Γ , for every i = 0, 1, 2. 
Corollary 26. 1̂Γ has exactly two orbits on the flags of P1̂Γ .
Proof. The result follows immediately from Lemma 25. One orbit corresponds to the flags where
1̂Γ 1 = Υ and the other to those where 1̂Γ 1 = Υ ′. 
Proposition 27. P
1̂Γ
is a 3-polytope, under the order ‘‘6’’ defined in (26).
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Proof. Proposition 23 implies that P
1̂Γ
is a partially ordered set, with 1̂Γ −1 as its least face and 1̂Γ 3
as its greatest. Lemma 24 asserts that every flag has five (that is n+ 2) elements. Denote by F (P
1̂Γ
)
the set of all flags of P
1̂Γ
.
To show that the diamond condition is satisfied, we let i ∈ {0, 1, 2} and 1̂Γ i−1ψ 6 1̂Γ i+1ϕ, and
show that there are exactly two i-faces 1̂Γ iγ such that 1̂Γ i−1ψ 6 1̂Γ iγ 6 1̂Γ i+1ϕ. For i = 0 this
is implied by Lemma 22(a) and (b), and for i = 2 by Lemma 22(c) and (d). For i = 1 we need to
consider the following four cases: 1̂Γ 0 6 Υ γ 6 1̂Γ 2, 1̂Γ 0 6 Υ
′γ 6 1̂Γ 2, 1̂Γ 0 6 Υ γ 6 1̂Γ 2ρ2 and
1̂Γ 0 6 Υ
′γ 6 1̂Γ 2α121.
Let γ be any element of 1̂Γ such that 1̂Γ 0 6 Υ γ 6 1̂Γ 2ρ2. Lemma 22(e) implies that there exists
α ∈ 1̂Γ 0 such thatΥ γ = Υ α. On the other hand, Lemma 22(f) implies that there exists β ∈ 1̂Γ 2 such
that Υ γ ρ2 = Υ β , and thus Υ γ = Υ βρ2. Hence, Υ α = Υ βρ2, with α ∈ 1̂Γ 0 and β ∈ 1̂Γ 2. But since
ρ2 ∈ 1̂Γ 0, and Υ αρ2 = Υ β , there exists α′ := αρ2 ∈ 1̂Γ 0 such that Υ α′ = Υ β . This implies that
α′β−1 ∈ Υ = {ε, ρ0, ρ2, ρ0ρ2}, where α′ ∈ 1̂Γ 0 and β ∈ 1̂Γ 2. The intersection condition (8) now
settles the various cases:
α′β−1 = ε⇒ α′ = β = ε⇒ α = ρ2,
α′β−1 = ρ0 ⇒ ρ0α′ = β = ε⇒ α = ρ0ρ2,
α′β−1 = ρ2 ⇒ α′ = ρ2β = ε⇒ α = ρ2,
α′β−1 = ρ0ρ2 ⇒ ρ0α′ = ρ2β = ε⇒ α = ρ0ρ2.
Since α ∈ 1̂Γ 0, the intersection condition (9) gives α 6= ρ0ρ2, which, in turn, implies that α = ρ2 and
so Υ γ = Υ α = Υ . In a similar way one can show that: if 1̂Γ 0 6 Υ ′γ 6 1̂Γ 2ρ2, then Υ ′γ = Υ ′ρ2; if
1̂Γ 0 6 Υ γ 6 1̂Γ 2, then Υ γ = Υ ; and if 1̂Γ 0 6 Υ ′γ 6 1̂Γ 2, then Υ ′γ = Υ ′. Therefore the diamond
condition is satisfied.
Finally we need to prove that P
1̂Γ
is strongly flag connected. By Corollary 21, it suffices to prove
this when one of the flags isΦ := {̂1Γ 0,Υ , 1̂Γ 2}. Let Ψ = {̂1Γ 0ϕ0, 1̂Γ 1ϕ1, 1̂Γ 2ϕ2} be a flag ofP1̂Γ . If
Φ and Ψ differ in exactly one face, then they are adjacent to each other and there is nothing to prove.
Otherwise, Lemma 25 implies that there exists β0 ∈ 1̂Γ 0 such that ϕ−1β−1 sends Ψ to either Φ or
Φ1 (depending on whether 1̂Γ 1 = Υ or Υ ′). Furthermore, for each i = 0, 1, 2, we conclude that if
Φ ∩ Ψ = 1̂Γ i, then ϕ−10 β−10 ∈ Stab(̂1Γ i).
It is easy to see that Φρ0 = Φ0, Φρ2 = Φ2, Φα101 = Φ1,0,1 and Φα121 = Φ1,2,1. Then, since
Ψ ∈ 1̂Γ = 〈ρ0, ρ2, α101, α121〉, Ψ = Φ i1,...,im for some integer m and ij ∈ {0, 1, 2} for each j ∈{1, . . .m}. Furthermore, Lemma 20 implies that if Φ ∩ Ψ = 1̂Γ i, then ij ∈ {0, 1, 2} \ {i} for each
j ∈ {1, . . .m}. DefiningΦj := Φ i1,...,ij we get thatΦ,Φ1, . . . ,Φm = Ψ is a sequence of adjacent flags,
starting at Φ and finishing at Ψ , such that Φj ∈ Φ ∩ Ψ for every j ∈ {1, . . .m}. Therefore P1̂Γ is
strongly flag connected and hence is a 3-polytope. 
The proof of the following theorem is similar to that of Theorem 17.
Theorem 28. Let 1̂Γ = 〈ρ0, ρ2, α101, α121〉 be a group satisfying the relations in (7) and the intersection
conditions (8) to (12); and let P
1̂Γ
be the 3-polytope associated with 1̂Γ . Then P1̂Γ is a regular or two-
orbit polyhedron in class 20,2 and with Schläfli type {2p, 2q}. Furthermore, P1̂Γ is regular if and only if
there exists a group automorphism ρ̂ of 1̂Γ , having order 2, such that
(ρ0)̂ρ = α101, (ρ2)̂ρ = α121. (28)
If P
1̂Γ
is regular, then 1̂Γ is a subgroup of index 2 in Aut(P1̂Γ ); otherwise 1̂Γ = Aut(P1̂Γ ).
5.2.2. The classes 20,1 and 21,2
The same procedure can be used to characterize the automorphism groups of two-orbit polyhedra
in classes 20,1 and 21,2. Since the details of the constructions are tedious and similar to the ones just
presented, we omit them. We just present the definition of the partially ordered sets and state the
final theorems.
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Let 2̂Γ be a group generated by ρ0, ρ1 and α212, satisfying at least the relations in (21) and the
intersection condition (22).
Define 2̂Γ −1 := 2̂Γ =: 2̂Γ 3 and let
2̂Γ 0 := 〈ρ1, α212〉, 2̂Υ := 〈ρ0, ρ1〉,
2̂Γ 1 := 〈ρ0〉, 2̂Υ ′ := 〈ρ0, α212〉.
Then, the set of i-faces is defined to be {̂2Γ iγ |γ ∈ 2̂Γ }, where 2̂Γ 2 denotes either 2̂Υ or 2̂Υ ′, and the
order between them is defined as in (26). Let P
2̂Γ
be the set of i-faces together with its order.
Theorem 29. Let 2̂Γ = 〈ρ0, ρ1, α212〉 and P2̂Γ be as above. Under ‘‘6’’, P2̂Γ is a regular or two-orbit
polyhedron in class 20,1. Furthermore,P2̂Γ is regular if and only if there exists a group automorphism ρ̂ of
2̂Γ having order 2 and such that
(ρ0)̂ρ = ρ0, (ρ1)̂ρ = α212.
If P
2̂Γ
is regular, 2̂Γ is a subgroup of index 2 in Aut(P2̂Γ ); otherwise 2̂Γ = Aut(P2̂Γ ).
Finally, we now let 0̂Γ be a group generated by ρ1, ρ2 and α010 satisfying at least the relations in
(23) and the intersection condition (24). Define 0̂Γ −1 := 0̂Γ =: 0̂Γ 3 and let
0̂Υ := 〈ρ1, ρ2〉, 0̂Γ 1 := 〈ρ2〉,
0̂Υ
′ := 〈ρ2, α010〉, 0̂Γ 2 := 〈ρ1, α010〉.
The set of i-faces is defined to be {̂0Γ iγ |γ ∈ 0̂Γ }, where 0̂Γ 0 denotes either 0̂Υ or 0̂Υ ′, and the order
between them is defined as in (26). Let P
0̂Γ
be the set of i-faces together with this order.
Theorem 30. Let 0̂Γ = 〈ρ1, ρ2, α010〉 and P0̂Γ be as above. Under ‘‘6’’, P0̂Γ is a regular or two-orbit
polyhedron in class 21,2. Furthermore,P0̂Γ is regular if and only if there exists a group automorphism ρ̂ of
0̂Γ having order 2 and such that
(ρ1)̂ρ = α010, (ρ2)̂ρ = ρ2.
If P
0̂Γ
is regular, 0̂Γ is a subgroup of index 2 in Aut(P0̂Γ ); otherwise 0̂Γ = Aut(P0̂Γ ).
6. Concluding remarks
The main result of this paper is the characterization of the automorphism groups of two-orbit
polyhedra. However, the intersection conditions found for two-orbit polyhedra in classes 21 and 20,2
are fairly complicated and a simplification of them, in order to make the verification easier, would be
expected. The natural progression of this work would be to characterize the automorphism groups of
two-orbit polytopes of rank n, and to find examples of two-orbit n-polytopes for every class 2I .
Note that in this paper we do not ask for the faces or for the vertex-figures of a polyhedron to be
finite (nor for the polyhedron itself). Hence, in theory, wemight have that the faces (or vertex-figures)
of a given polyhedron are∞-gons. However, we fall short on providing examples of such infinite two-
orbit polyhedra (and hence on showing that such two-orbit polyhedra do in fact exist). An example of
an infinite two-orbit polyhedronwith finite faces and vertex-figures is the tessellation of the Euclidean
plane, with triangles and hexagons, that is the medial of the triangle tessellation {3, 6} (in the sense
of [9]). This two-orbit tessellation is a polyhedron in class 20,1. Hence its dual and Petrial are in classes
21,2 and 21, respectively (see [9]).
In the geometric sense, one can ask for realizations of two-orbit and fully transitive polyhedra.
This paper gives combinatorial variants ofWythoff’s construction for polyhedra (from a suitable group
with specified generators). It is natural to ask whether these ideas can be used to produce a Euclidean
realization of a polyhedron (via a suitable real representation of the group, at least when the group
is finite). For example, [11,14,16,17] deal with this type of questions for the regular and chiral cases.
The analogous question can be asked for modular representations over finite fields.
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